Ch 5 Numer{cal Groan



5.1 lntro fo Series

Def. 5e2'es
Let '[a.\},‘.‘ be a sequence. An infinite series is an exprassion of the form
q,\— QtatAstag+... %*Ths is o formal e&pfesaon
R Since we dont
need wot fo short of | s means mmenmly

Z-L' I+ 5~ ':5"":7*“- (Horwonic Series)

n>|

5 ()= 5nl0)+ 50 (B) i+ = O+ 1+ 01+ 0+1+0-1 ..
g(‘ny._. (’l)"" (,7_)7-.,(_3)'5.;(-;,)%,..: |+ Y4-~27+72%+ ..

Def. Fartial Sume
I¢ g‘aﬂ is  sertes, its sequence of partial sums, 158 is defined as
S = Qutaat.. o (sum up fo ad)

For &0, s ceris Gy k)
ol 123,526, Guelp  (For s seres Sc= S5 )

Def ! Conergence of a Series
A series %00 converges b SER i 15.5¢=5 and we call S the sum of the series.
If §5% dikees, the series diverges.

$ oin(Z)= 04 1+ 01+ 041401+ ..

n=p

Ms partiol sume S0=0, S= \,51.—l,5305uo('>5 l, Ss=1,5,=0, Se=0. ..
S«DNE,soﬂesenesdnerses

(_“nﬂ (I ( }

hos pactial ms = -4 9;_ l- 9;’[ ..
50 SK l k+|

5m'e Koo l!g:e(l k«l)"' then the series conerges ard g(n ow) ( (Te\es:a?m% Seneg

The Harmonic. Seres & diverges.
Assume for o contradiction thet He series. comerges o SER.
Then S-(l ShE+ D+ G DG
(2+5)+(Ha L) (324)s (B g)+...
l,‘, 1. }A.L
=9
Herce $>S. Thus a contradiction, so +he Harmonic. Series divagea



5.2 Geometric Seres
Def . Geometric Series
A geomelric series ie a series of the form

z M=l+r+r*4c3a Tl &r WfﬁR
nz0

.

e & . Then Sk= ltr4r24. + N DG = captase op

§o| l*l*l-&l.*... éo( ) So Spe eSee |-k > Gum !',E::‘

Sc=ktl ond {%Sc=00, Si= ::: .‘:.'2335" ard ¥55,5¢ DNE, Thas ,!gs‘oskglim Ik L I.a\‘° ok, L

so the ceries diverges. so the ceries divenps. e e e
exacty when Irl<|. The lint DNE otrerwise

Thyn |: Geometric Series, Teet

The geometric series &,™ convemges if |rl<| ond diveroes otherwise.

IF IH<l, then

n |

a=i |-

54 Acithmetic of Series

Thn 3. Acithmetic. for Series I
Let £,0=A ord =,bn=Bn and cER. Then

l. :i:‘c.a.\= cA

2.:2:((1,‘4»&)9 A{'B
Thm 4. Arithmetic for Secies 1L -
.If :Z;an converges, then 2,% converges for each jzI. Notfe! Zan=Q .*a:.*w*“i"ﬁ.\%a"‘

Finite sum
Changing, finte sums doest affect covemence.

Thsslvowe convergence. 01\13 &pev\c’son Hre tail OFHvesenes
We. can change Rmkld mana‘lemsand not affect conergence .

5.2 Geometric Series, (contd)

2.0F g% converyes for some. j, Hen gu,\ converges .

) <mgy= 5 e 41«
o nel
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) n o0
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»Z.os’“" “Z(s‘)‘ts sm(lzs]

A=0!



Epress (1621 as o fraction

Z = 13 1% & A
6218 = .62+ 70000 700000 * IW*. .
:.‘lb_-z'.»ﬁ.'li.',—'i*, ..
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A laser beum is fied ot phnet with on innershisdl and aulechied . Each shield refleds 5
abserbe 2, and troremts & of e beam. I He beom's infersity i> I, what fraction passes

Hrough beth shields LR
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53 Divergeme Test
We cun focus on determining i a series converges or diverges generally without finding the sum.
Thm -
I .Z.""\ converges, then 20n=S for some SER.
Froof

Let £5xt be the sequence oF partial sums , so

Sn= Oytazt. . *0k*..-+0n, ST 0 TAz ... TA*... TAN=
NO{B. ..l'::‘a Sn=5= v.'i)“nSn-l

Sirte an=5n=G1, then 500z i, 50-5,, 2 5-5=0 B

Thm 2. Diw Test .
IF 22 a0#0 or Jsnan DNE, then 2,0 dierges.
Conbropositive . IF an converges, then 5200=0.

lim
n30e

Note: Div test can be used fo spot o divergent series before using o conlicated fest, sotry it [*

Div fest ony says if @ series diverges, never anverges
J.00*0 ‘or Ta0n DNE = £ 0n diverges
an=0 = Div test fals (inconducive)



n

..%'7'0" Sirce k“n«uv‘l*ol the series dierges by Div fesk:
SC Sime 152 (0 DNE, the series dierges by Div est

f_(-‘.’g)" Since ¥5(4) = co. the seqes dierges by Div fest

n=(

s 3?‘@ Since M5 ML 0, so Div fest is inconclusive

n=|

55 & 5.6 Tests for ositive Series

Def. Positive Series
A seies 2.an is Posﬂ-we i€ 0,20 WnEN

The Iobegeol Tesk

Thn 8. In Test

Let € be a ion Hhat is Weo'\lﬁt\eedi'keacovdlﬁac{'olrddon[m,m)
l. cotiruous on [0,00) for some m2( (eventually) becouge we only core
2. positive on [I,00) if the tail of an convemes.

3. decreosing on [1,09

and let aw=f(). Then
S an converges <> fF(x)dx converges

n=f

Proof
Let £ be cfs, pos, dece on [1,29), Lek yF6d with F=an.

7 0! = 3 Y S.oaml on °

(<) Suppose,ﬁ-'@ converges.
We,kwwz. jp(,)dx j@@a,c since £2) is pos.

Since j(:(-;)d:c onverges, Sy gt Za«‘ a.*jF&)o\:- M where M is o corelant.

Since Qa= FMZ0, we have O = M VnéN and Swei= Snttaet Z Sn
- 1508 is  bounded monotonic sequence and comverges by MCT. Thus 2 o« converges.

(=) Suppose S- fa)dc diverges from obove, = , lin§ Ftddbe = 00
We krow f{:(,&d;«:sim =G, SO l"'\ im Saa = 00

' dwefges »



A
ns| n*
Consider F0) =<z, which is cfs, pos, and decr on [1,%9) e the Mtegrul Test gpylies.
S L de cnrwerges (9—15{- p=2>1), s Z. = (overges

£ In)
B
Jp o) I e E <0 o fhe Div Test fails.

Consderfév) @MFtsd'sand on [, 69).
Ror decr, fE)=122=0 » |- 20 5 15lns # xze.
%Flsdecra\[goo) a:dHeln{agmchs{' les.

SJ—@Ax- fon f-l@dx b_”,g%@)-lt-oo, s0 g-hf\"—\ diveryes.

Thm 9. p-Series Test
The series g—r“; corverges for p>| and dierges for p=|.

; %& corverges (p-sertes, p= 3> 1)

;‘E diverges  (p-series, p=L <))

Nofe that we cart use the Integral Test to compute the sum of . convergent series
'—'Dre(ample S-Ltdx'[ and i—‘=—

But we can c\pprmmlestms wl-ki'lelnbsrul Tesh

Def . Remainder

For o con mh..an-selR Mmmwderls%ermr%eausms&bawm'}eSis
the emor when using Sn o approsimate S is given by

Bn=5- Sn= Onttt Onez* ...

Thn 8. H'esrul Test and Estimation of Sums and Errors
I¢ %’F&}M%ﬁ is i, pos, and decr on [1,69), then

S%c\dx‘Rn fﬁx)d;c (ﬁe@”\epﬁw@o(’)’
\/Jege{'{'heuﬂ;@bowdmﬂzremwder
We con umpoxzmred'm{e ruther Hhon just vse Sn,
St gfeadxcs S +{feade

kae’rleudpmni‘{oqpprom&es with the error ot wost
hal€ of the width of the jnterval.



Fird an vpper bound on the error if weus: Sp 1o appraximate £
Rbﬁ_‘;%&d‘x l!‘-?oo ;Cldx‘ lim -E b;cn T (- Z(LD:'
@%m\’sa‘}n\o& 0005

Howmung Yerms are needed 1o apprarimate £ with on error of of mest 0.00005

.{—sdx’—

WQneed 1.,1.500009
= 2. = 2000
= ot 2 |000
n Z 1000 N22
2 nz3P fwﬂeclesu‘redacwmcg

Cov\sd:rmﬂ m..s velku&ngslo*omlu\m‘es
5,,,»,5-—@‘5 S..*Si-dx

= [201669= S= |.202532.. * better han Ex.|
L 5% 1.202098... and He erroris aclwxllj 0.0005 (round up)
The Comparison Test

Thm 6. Comparison Test

Ascume O=an<bn for nEN (orevs'lwl\lg)
(3 Zb.. converges, then f_an corverges.

2.0f “E‘Lla.\ diverges, - then £ ba diverges.
Proof_of (2. .
Let £S0% and 5.3 be the sequence of partial sums for £.00 ond Zbu respechively

IF £on diverges, Hen sine anz0 Vn, ""S«f"':e
Bu{'smce Gabo ¥, S2S° Vn, we hae 5650 =00

bﬂd
~'-(1)isl'hw\|mpoﬁliveof:(z)md$0lsm e

] XU oo
,.% n‘r‘\*lb ZM
< __’" A for nze, lﬂLz_’O
"* s Sice 5% (Harmonic. series),
Sice £ is covergent (p-series, p=2-1), the given verges by comparison.

the given series converges by comparison.

nt4n
mint-2

>
5.‘(’2'2/ nt-9 - nY

Since Z 2 e converges (p-seriee p-Z’l),
the comparison test is inconchsive.
Bat this series “looks like" g,,,z S0 weexpec]‘ it o converge.

Z4n P4an ot
nin 20



The Limi{' Cowpar\sor\ Test

TinT: Linit Comparison Toak (LCT)
IF 0120 ond b0 fir nEN (r omugh) ard 222 L fon
LIF LE(0,%), then Zan converges < Zb,, converges
If L=0 and Son eliwges , then =bn diverges.
3_ If Lsoe W\d San Ws, M Sby conmse,
If L=2= and Sbn diverges , then 2o\, diverges.

Broef (1)
Suppose. 12 b = LE0,%), Then F o, ME(D.0) oo that m=82<M for n sufficied lame. e
We get mby= an 2 Mb, for n suffcied Im&e. o ‘-
By Comparison Test San converye/diverne iFf Zba comverge/dierse. ® E———
Procf ldeq for (3
O0=m2 ¥ mbata,
nt+a Y41 $ Inld
a=t n¥ -2 Azt 34n [ )
Aoy LCT with £ Pegly LCT witn .5 Use LCT with 54
L] . Y T (PR
o - S g - 160 ST Tl 0 e e o
=, o LT n "([+3= -, .
Since Z convorges (p-s:;as, p=2-1),  Sine “Z"';e diverjes (g0 with |F1351>1), Since ;Ja diverges (’.hsen& )
He given series corverges by LCT the given series corverges by LCT the given series divermes .

Note. Div test could werk

Def Al‘b.rm{'il\g Series
A series is alferndting if terms are alternating positive and negative.
Series of the form

nal

o0
'\;(‘n On= A~ 0t~ 0y+. ..

& n
Y (-1) on = -a+0a-0ytaq—.. .

ac(

P"o‘lded H\ﬂl’ 01\’0 Vm

(G T R |
'ZT-l 2" B-T‘?...

The 10- Allerna‘h'na Series Test (AST) S

Let an> O Vn and Consider tHhe aﬂum{'fng series 2,(-1" aa. If
[ {Gc& is (evevdw\“g) decrmslnﬂ OnZ Qnel

Z.Ji‘;aﬁo

Then f;"(-n“h.. corverges.



Procf!

Suppose {an} is positive, decreasing, ond A Gn=0.

We 152t ond 1Sut both P te limit-
Lo dereosiog > ay-oipe=0 Y e O

For even partil sums’ For odd partiol =ume’ .
S.= a~a2.>0 Sinee Sanet=Sza* Qunn and olu‘:'uaﬁ'o
Sq= (N"QJ*(QQ'Q‘() = Sz“‘ (‘3’%;) z Sx We ‘\ume '!::o \'.!:‘»(Su* auob =S40 = S.

Se = Sut (ag-0) > Sy
Ths 0<5,46,<..25,,€..., 50 §5umb is increoeing,
Now Sen= Q.‘(ﬂx"'q'b‘(aq-ds)‘...‘Glm‘au¢|]‘%$ <a,
Since 153 is increosing and bourded cbove,
Loy 5555

i converges by MCT,
So KGu= S5 MG 0 $0Sn=S. s
Thus Hhe series converces, @ Sl-- - o= = 5% s

“5q ‘o 8

en

o [\ o9 (| n+ |
“;(% (Aktervating Harmonic. Series) m%
For nzl, >0, #7<w, ond since ¥re=0, for n\:-*l‘, 7570, Gmem < e, ond sice. 527670,
2 -Q‘ coverges by AST (fo In2), g‘% converges.

Thm 10: AHEma‘hns Seriee Test (AST) and Estimation of Sume and Errors
Suppose AN converes To S.
From the proof, the odd/even portial sums approach the acual sum from cbove/ below.
=S lies behween ony 2 conseclive partial sums
%anl- IS“sal < l Sns~ Snl’ I:Q«o\lz On+|
The ervor is ot most aws1. That is

|R"I=|5"Sh|"’0n+|

Find an upper bowd on the emror if we use Se fo opprosinate s
|Rs|.‘-ﬂ7=é'¥ 0.00092 (rounded up)

How mang ferms, are needed 1o approivole Z55 with an error of ot most 0.000005.
|
[Ral= e =0 = W‘ =0.000005

n=4 & = 0.000056... (nope)
=5 5rew % 0,00000344... (yup)
Thus 5 terms ore needed .

If the ¥ term i posﬂ'rve, then I the 1* teem is nesa{ive, then
- odd partia] sums are overestimates * odd pactial sums are underestimates
- even portial sums ore underestimales - even portiol sums are overestimotes

lo Suosa an underestimate or overestimate of i.‘n"T':' 1
I* term is Posihve 80 Suesz is on undereshimate



5.8 Absolufe vs Corditional Convergence

Def . Absolute
A series Zan is abeolutely convergent if £lanl s convergent:

Note anz0 ¥ = Slanl=E0n

$ A" iy ot cbsddely. convergent

ns|

o0 [\
";—(‘)T is obsolutely convergent

. [ | nel o | © ne| 0o
sive. 2|02 e S1E0-- £+
conerges (p-series p=371) which is divergert (Harmoric. Series)

Def * Conditionally Convergent
A senies is cov\diﬁo-na\lg convergent it it is Cm\lefgen‘l‘ but not absdu"elg cpf\vergen‘l‘.

Then [I: Absdlute Covergerce Theorem (ACT)
€ & laal onverges, then 200 i convement
(but not to the same valie wnless anz0 ¥a

Broof
Since 0= ant loal £ lanl*laal = 2]anl = G+ lanl = 2lanl

For each n, we have g‘(a.\'l'lanl)é nga'.l

Since gllcnl converges, so does z‘?.lau\.

So 5 (an+lanl) comerges by Comparicon.

Now & 0n = 3 (ant anl~lad) = & (arelaa) - $lanl

Since both series on the right comerges and San con be expressed as Hhe difference of 2 comvergent series
it deo comerges W

Thi allows us fo use fests for positive serfes tn any series by foking the absdute volue.

l$ .‘2!&2);\:&@ CMVeVB&‘l’? (*:“'l""/*: "’:*)

We check for covergence by considening é‘l%{'w’!ﬁ —
s i oo Lol nrr T
2n2 h PL . 2> 2 o*

(VK=
Since ¥ - converges (p-sertes p=221), glﬁ;}‘:ﬁﬂl converges by Companson

azy N

By ACT, 2‘% convergies,

To detenmine. absdlute/condtional converence or divergence .

l. Diveiga\ce Test ks b

2. Check for Absdue conergence usi positive. series
3. Check for Condlifioral - corvergence us(‘:g AST (if possible)



imh":l converge abs/cond or dilerges

as(

. 2, . - . L
RN S

nﬂ.
" Div teet ie incondlusive
2 Consider 5 (-I)”\hllul -5 Jﬁ
As( ns)

Use LCT with &L
m ns

. ~ i et . *%
s Mo TR - o, 2R S €(D,00)
n

azg N
iQJ:' ”h':_“"l doesnt converge obsdutely
az|
S'We know @20 Yo and .'&J":,*:.,'=O by I

Since 2 diterges (Harmonic Seriee), §|@J'$_E| diverges

Lt F@-@@f@‘%‘o for %70 = F:__ﬂi‘ is decreasing
& () a1

So by AST, ;Q—'l,,..: convery®s

R = () o1 g

A lel:j Z'_‘uhg: Corverges com\du\a"j

Thm 2. Rear Theorem
L Ie %.a« y comerges > SER, then rearrarging He terms will still coverge to S.
2 If

2.0n condib’om“g comverges fo SER , then rearronging the terms will change the sum to KER or teo,
5.9 Ratio Test

Thm 13. Ratio Test

Let Zan be a series and assume that 5| |=L, LE[D, %) or L=0o,
I If L=l, then .Z.aa conve?es absolu{'elg.

2.IF L[ or L=co, then 20 di .

3 If L= |, then the Ratto test is inconclusive.

Proof!

| If 0=L<l, 3€ER 3 Ler<l.
Since -!‘?ule&‘l’-' L<ee, INEN 3 VnzN, 122« > |aml<rlaal,
Thes lam|<r-lanl, lam|<r\qu..|<r‘*|0u| S0 I‘hwl‘t‘“lanl )
Since Irl= <21, Elade” is a conement geomelric series.
Whj? ,},hn" laml*lawz + |au‘:l“...< l‘ldnl“’ r"ldnl*r‘lﬂnl“'...ﬂad ("»’?.‘.I%I"".
Ths £.n converges absolutely.

2.If L= or L=co, then ANEN 3 ¥nzN, %21 = [awil > anl
Thus {lad By will eventually increase, so a0 0
So the segies di by Div Test.

3. Consider % and L. For both series, L=, but one. diverges while the ofber corverges.



-3 [ _n'M ln
2, nl 'zl 5:

Using Ratio fest, lsing Ratio test,
lin | £ . nll_ lim B _ e k.T(-n“‘& a2t e < lim. (~l)?.(ml) s2lmol 2,
B T e ' R s™n "5
. g5 (»*"f.z"
L ES converges absolulely. - converges absolulely.
6 _n oo 3,
Ratio test, Using Ratio est, i
lm @™ 0| e el ne v lim | (aelPsd | o=t |l (el et |
(““! :,\ h ln*l'l\ "33.( |) mu(l ’k)‘e>l [ad (n+ -] S+l """( nday (,“,“S_,')‘I 1=
SN diverzes. - incondlueive > try LCT
5.10 Root Test
Thm 157 Root Test

Le{-,&mbeasen&omlossme"“,,_ L, LE[0, %) or L=0a,
I If L<l Ha\ 2.0n Converges dasolu*elg

2.If L>l or L'°° Hhen Lan d

3 |IF L=1, Hen the Root test is mwd/swe

2 (Infn) \
nzzt( n® )
Root {es+
lim (lnfml)) 4] |m Inlns) ""R lim Ml = lim
nHe n ; 00 2 5 3> = neao 3“,(“")
* series converges

Note: If He Root test (L=1), the Ratio fest will fuil.
Rebtive size of common funchore.

P
(lm\)«n’«;{‘an! «n", |x|>1
| ] | | \
—k ke —
" n! x* (lnn\"lxb'

Thm 4. Fblmnl vs Foctoriol Growth
for xER, &Zr=0.



Recop of Series Test

Abeolyte Coreryerce or Dwmme Conditioral Con
* Sume of Geovnehm, and Telescoping Series * AST (alternating ) .
l—»i-rgbspo’f”mseﬁes L look for " or 1)

L if it asks fo Find the sum, its lﬂc(gonea(: these

° Dwergev\cg T=s¥- ( senes)

L try this %, unless{'keres a fachoriol
* Integral Test (positive series)

Y last resort when dll else fails

Ls dont forget. continuous, positive, o\eareoeug
" Comparison Test (positive series)

L last resort when dll else fuils
" LCT (positive series), .

> series of the form ﬁﬁ%

L “almost” geomelric. series

> dont forget. L=0 or L=0o are more complicated
* Rotio Test (ay series)

L {'adbrials

> “almost” tric series

L L=| giveg:o: info
* Root Test (a\3 series)

L when all ferms have a power of n



