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I Intro to Series

Def : series
Let {an37, be a sequence . An infinite series is an expression of the form

Cs

n = ,

an = a, t az taz t ay t . . . * This is a formal expression
since we don't know what'I need not to start at l this means numerically

co

Ex
. I I = I t It Is + I, t . . . (Harmonic Series)
n= I

N

ET sin(FL) = sin(O) t sin CET) t sink) t . . . = Ot t t O - I t Ot l t O - I + . . .

. £7
,

f-n)
"

= ft )
'
+ f-2)

2
+ f-3)

3
+ f-4) " t . . . = - It 4 - 27 t 256 t

. .
.

Def: partial Sums
If I

,
an is a series

,

its sequence of partial sums, {StB is defined as

Sk = a , tazt . . . tar (sum up to are)

Ex
.

I For Ian , Sr. =
Hkt"

Si=/
,
52=3

, 53=6, 54=10
(For this series z )

Def : convergence of a Series
A series E- an converges to SEIR if IITsSr. = S and we call 5 the sum of the series

.

If {Sk} diverges, the series diverges.

Ex
.
I IIO sin(EE) = Ot I t O - I t Ot t t O - I t . . .

has partial sums So --O, 5=1, 52=1, 53=0, 54=0, Ss = I
,
So=L

,
57=0, 58=0. . . .

hints Sk DNE
, so

the series diverges .

Ex
.
2 I.d '

n
-H -

- ft - tf tf- Ittf's- It + (t- b) t . . .
has partial sums S,

= I - I
,
Sz = I - Is

,
53=1- ti . . .

So Sk = I -¥

Since LimasSk -Lif ( t - ¥,) = I
,
then the series converges and IfHn-⇒ = I (Telescoping series)

The Harmonic Series I. 'n diverges.
Assume for a contradiction that the series converges to SEIB .

Then 5=4#t⇐ + Ittf's+ It +GetsIt . . .
> (ItE) + (I, a E)+ (I+f)+ It+

'

z)t . . .
= It tzt I+ I, t . . .
= 5

Hence S>S
.
I has a contradiction

,
so the Harmonic Series diverges.

Note: I
,
'm -- E

'



o
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2 Geometric Series

Def
.

'

Geometric series
A geometric series is a series of the form
•

rn = It r t r- t r3 + r4t . . . for some rEIR
n=0

Case I i r-- I Case 2: r = - l Case 3i r# It

I.
o
l
"
= It I t I t It . . . Iof t)" Then Sk = Itrt Mt . . . t r't ⇒ rsk= rtr'trest

. . .

+ rktl
So Sk- rSk = I - r k" ⇒ Sia = '

II'T
'

sie= htt and hisskis
,

Sia -{ 'o'
,
if 'Ii is %ed

" and IITs.SK DIVE. Thus fishes⇐ tis 'II
"
-
-Fr ! as I - rt" ' ;'s

so the series diverges . so the series diverges .
exactly when Irl- l . The limit DN E otherwise

Than l : Geometric Series Test

The geometric series E.or" converges if Irl- I and diverges otherwise.
If Irl4

,
then

I.
,

rn =
,

'

-r .

0.4 Arithmetic of Series

-

hm 3
'

.

Arithmetic for Series I
Let I.an =A and E.bn= Bn and CEIR .

Then

I
. E.can= CA

2.⇐ Can+ bn) = AtB

1hm 4 : Arithmetic for series I

1
.
If Ian converges, then II.an converges for each jzl . Note : Eni

,

an = a , t a zt . . . taj-it §! an .

n= I #
as

finite sum

2. If Ean converges for some j , then EE
,

an converges .
mi changing finite sums doesn't affect convergence .

This shows convergence only depends on the tail of the series .
We can change finitely many terms and not affect convergence .

0.2 Geometric Series (cont'd)

4EH I.of it = ,f.⇒ =

s
since I -It4

Ex
.2If;) -- If'zY=EoET"= II.DET=L ( I = I since IEkl

* reindex

¥3EIJI. - Eoff:! = 'sEd,Ed! 's f.
'⇒ = Fg since IEsk I

* reindex

Ex
.
4 I

,

16.254
-""

= %??! =?
,
( 78)

"

=:(%)
" I %! ( Yg)

"

diverges since I I> I ⇒ original series diverges



Ex
.

5 Express 11.6215 as a fraction
18

11.6215T = 11.62 + 1010800 t 100108000 + 100000000
"
.
.
.

= 1%2 + ¥,
+ too + Yost - . .

=
"foot + Foh ( It for tofu t . . . )

= 1¥ + ¥. (hot -' i'at - .
. )

= 4%2+1%4 Edited
"

= 4% t 'Toa ( f- Kool
=
3196
275

Ex
.6. A laser beam is fired at a planet with an innershield and outershied . Each shield reflects IT

s -

absorbs 6 , and transmits ¥ of the beam . If the beam's intensity is t, what fraction passes
through both shields

I 78 I182=464 164 + 1¥64 + 16¥64 t go,
t .

. .

> S S

IN IA.8 = ¥4 ( I + tf t 1£ + 1613 t - . . )
L L

¥4.82 ¥42.8
Iyqzgz = I116.64

= 614 §o(To)
"

L ) 7

It43.8 = ¥4 (¥
,o
)

L

H44.8

>
It44.825-1%2.64

=¥ IT
=To since 1¥14

5.3 Divergence Test

We can focus on determining if a series converges or diverges generally without finding the sum .

Thm
If I.

,
an converges, then EE,an= 5 for some SEIR .

Proof

Let {Sk} be the sequence of partial sums , so
Sn = A,

tAz t . . . + Ak t . . . T An , Sn-i
=
A , t az t . . . t ate t . . . tan-I

Note : highs Sn= 5- hisSn- i
since an = Sn- Sn. . . then discsan = him.Sn- Sn-E S-5=0 LM

Thin 2: Divergence Test Div test only says if a series diverges, never converges
If hitman# O or himan DNE

,
then I

,
an diverges himan# O or hitman DNE ⇒ E.an diverges

contrapositive ! If I,an converges, then him an = O.

'

himan- O → Div test fails (inconclusive)

Notei Div test can be used to spot a divergent series before using a complicated test, so try it 1st



Exit I
,
n Iwo since hinson?,go = I¥0 , the series diverges by Div test.

Ex
-
2 f- IT since highs C-IT DIVE

,
the series diverges by Div test

¥3I
,
(Ig)

"

since
'n'Iso(435=0 . the series diverges by Div test

Ex
.
4 sink) since high sink) = O , so Div test is inconclusive

5.5 & 5.6 esta for 3sitive Series

Def : Positive Series
A series Ian is positive if an ZO KNEW

The Integral Test

Thm 8: Integral Test
Let f be a function that is We only need the 3 conditions to hold on [mis)
1
. continuous on [0,0) for some m Zl (eventually) because we only care
2. positive on [I , as) if the tail of an converges.
3. decreasing on [I , co)
and let an= Hn)

.

Then

I.
,

an converges⇐ [Hoddoc converges
Proof
Let f be cts

, pos, dear on [I , o) . Let y
-
- Hod with Hnl =an .

Fbc)
"

fbc)
underestimate overestimate since f is cts

, pos, dear, thena, a.az#....yan.!.z=ffGddx and EE
,

an Z I'Hoddoc
O l 2 3 4 S . . - n-I n

?
O l Z 3 4

.

S . . . n-I n
)

(⇐I suppose IfCod converges.
We know

,
!zEffGddoc E [fbddx since Axl is pos.

Since [fbddx converges, Sn = a ,+ E.zak E aitffbddx= M where M is a constant.

Since an= Hn)Z O, we have OE SnEM VnC- IN and Sm,
= Snt anti Z Sn

-
: {Sn} is a bounded monotonic sequence and converges by MCT. Thus II. an converges.

(⇒I suppose 5.Hxldx diverges from above, so timoinfbddx-- as
we know IfGddoc an = Sn-i , so high Sm - co

: . I
,
an diverges 1MW



Ex . I £ I

n= I
N
Z

Consider Hod = Taz
,
which is Cts

, pos, and deer on [I, as) so the Integral Test applies .

a
doc converges (p-test p-- 2- l) , so II

,
'm converges

Ex.2
-

InCnl
n= I n

lim InCnn) E'
B
'

its ÷ =0 so the Div Test fails
.n→W

I

consider Hod = h where f is cts and pos on [I, b) .
For dear

,
f
'

Gd = 'II" s O ⇒ I - Inxs O ⇒ I E Inx ⇒ x Ze .
Thus f is dear on Le,as) and the Integral Test applies .

b b

[ In# doc = blind KIDdoc = him(HEY" Ics, so InCnn) diverges.
I 1

Thm 9: p -series lest

the series EE hp converges for p> I and diverges for pet .

Ex
- I

,
In% converges (p-series, p= Z - D

Ef diverges (p-series, p= IED
n=I n

Note that we can't use the Integral Test to compute the sum of a convergent series
For example, {Yadoc= I and I, ht =
But we can approximate sums with the Integral Test.

Def : Remainder
For a convergent series EE, an = SEIR, the remainder is the error when using Sn to approximate S is
the error when using Sn to approximate S is given by
Rn = S - Sh = anti t Antz t . . .

Thm 8! Integral Test and Estimation of Sums and Errors

If an= Hx) where Hod is Cts
, pos, and deer on [1 , as) , then

E.tcoddx's?; Fedde FEETntheegraioofesoft
.

We get the upper bound on the remainder.

We can improve our estimate , rather than just use Sn,
Sn + IFGddxE S E Sniffeddoc

Take the midpoint to approximate S with the error at most
half of the width of the interval

.



Ex
.

I Find an upper bound on the error if we use S to approximate I.
,
'm

R.es?Isdx=tsismcsS:Iadx=bI7o-bel?--Iishs-Lbz-fIaoH -- Loo -- 0.005
⇒ the error is at most 0.005

Ex
.
2How many terms are needed to approximate I, 'm with an error of at most 0.00005

Rn E f:# doc = It
We need z'm SO.

0005

⇒ 2n- z 2000

⇒ n
- z 1000

⇒ n
Z 1000=31.23

⇒ n Z 32 for the desired accuracy

Ex
.
3 Considering I., 'm, we know using Sio to approximate S
S

,o -11,7¥ doc E S E slot doc

⇒ 1.201664 E S E l
.

202532
. . . * better than Ex. I

. : 5=1.202098
. .
. and the error is actually 0.0005 (round up)

The Comparison Test

Thm bi Comparison
-

est
Assume OE ans bn for nEIN (or eventually)

cs

l . If [ bn converges, then I
,

an converges.
hI I

2
. If II.an diverges , then I, bn diverges .

Proof of (2) i
Let {Si's and {Snb} be the sequence of partial sums for I, an and Ibn respectively
If I,an diverges, then since anz O fn, IITs Sna = -
But since ans bn Tn

,
Shae Snb Vn

, we have his Snb
-
- o

-

-

. bn diverges
.:(1) is the contrapositive of k) and so is true. As

Ex. I E n
' Ex

.
2 I.

,

trim
n= I n446

O E
n
. o
E

n
? = Lz For nee

,

'n'nm Z '

n 20

Since I.
,
th diverges (Harmonic series),

since EE
,

'

na is convergent (p-series, p -- 2- l), the given series diverges by comparison .
the given series converges by comparison .

Ex
.

3 E n't n

n= i n 4 - 8

n
2 t n

For nZZ
, ny - g

Z Mnt? Z T! = Izz 0

Since Entz converges (p
-series p=2- l ),

the comparison test is inconclusive .
But this series

"

looks like
" E

. 'm
,
so we expect it to converge .



The Limit Comparison Test

Than 7
.

'

Limit comparison Test (LCT)
If an> O and bn>O for NEIN (or eventually) and

'
n'Fos ab? =L then

I
. If LE(O, co), then Ean converges ⇒ Ebn converges
2
.
If f- O and Ebn converges , then Ean converges .

If L-- O and Ean diverges , then Ebm diverges.
3
.

If he 0 and Ean converges , then
Ebn converges .

If teas and Sbn diverges , then Ean diverges .

Proof Cl ):
Msuppose his87 =LECO.O). Then I m, MECO, co) so that m E ET EM for n sufficient large .

.

.
.
.

. .

. .

.

We get mbns an E M bn for n sufficient large . i
'
a
L

e -

'

C .

By Comparison Test Ean converge/diverge Iff Ebn convergeddiverge. AM m

Proof Idea for (3) :
O E m E E-⇒ mbn E an

Ex!I n't n Ex? I 471 Ex
.
3I

,
lnlnnl

n= i n 4 - 8 n= , 3
"
t n

Apply LCT with I.ht Apply LCT with I. In Use LCT with E '

n

In(n)

tins. -
- tian:

'

= team dim.
"

= his. iii. i Heard him. In =

,

tie. mini -- co

since I.IT converges (p-series, p--2> D, Since I
, diverges (geo with Irt Ftl > It , Since I.

,
th diverges (Hasremrionic)

the given series converges by LCT the given series converges by LCT the given series diverges .
Note

'

.

Div test could work

5.7 Alternating Series

Def : Alternating Series
A series is alternating if terms are alternating positive and negative .
Series of the form
•

f-IT
"

an = a,
- Azt Az

-

ay t . . .

h= I

•

f- 1)
"

an = -a, t az- a, t ay
-
. . .

n= I

provided that an>O Fn .

Ex
. I

,

"'
n

"

= I - k + b - L, t . . .

hm 10 : Alternating Series test (AST)

yet an O Hn and consider the alternating series I.C- IT
"

an
.

If

{an} is (eventually) decreasing : an Z anti
2. n'Ihsan-- O

co

Then C- IT
"

an converges .
n= I



Proof :

suppose {an} is positive, decreasing, and him an= O
.

We prove {San} and {Santis both converge to the same limit.
{an} decreasing ⇒ a; -ajti - O Vj. Hence

For even partial sums : For odd partial sums :
Sz= a, -as > 0 Since Sam,

= Sant aunt, and him an = O
.

54 = (a. -a2) + (az-a4) = Szt (as-au) > 52 We have highs Sznt, = this (Sant azmi) = 5+0 = S
.

So = 54 t Cas- ao) > 54
Thus O - 52<54 s

. . .

a 52ns . . . .
so {San} is increasing.

Now Szn= a, - Caz-Az)- (au- as) - . . . - Cazn-z -azn+,) - Azn⇒ SznE a ,

fine {San's is increasing and bounded above
,

i

t converges by MCT. Say
'n'EisSue S

.

It • S
,so ListsSue S= Litho Szn+ , so lifts Sn= S. . sz

Thus the series converges .
'IB

s - - - - - - ist est -
•

S4

•

So 58

←

Ex
.
2
a flint 1Ex

.
I I

,
Hln
" '

(Alternating Harmonic series) n-- i nen

For nel
,

'

n
> O

, n
't , c

'

n ,
and since tiffs

'
n
= O
,

For nZl , n'en > O, can
'

em,
e n'en , and since him hen = O,

as flynt 1I
,

"Y
"

converges by 1-ST Ho In 2)
.

n= , men converges.

hm 10 : Alternating Series test (AST) and Estimation of sums and Errors
co

suppose ⇐it 1)
"'

an converges to S.

From the proof , the oddIeven partial sums approach the actual sum from above below
.

- S lies between any 2 corrective partial sums
= I Rn I = IS- Snl E I Sn+ i - Snl = I ± an+ it = anti
The error is at most anti . hat is

Rn I = S-Sn E anti

Ex
.
I Find an upper bound on the error if we use So to approximate I.

"In
"

I Bol E a, = e! I 0.00092 (rounded up)

Ex
.

2 How many terms are needed to approximate
'
n'Yen with an error of at most 0.000005

.

I Rnk anti
+ plena ⇒ cmHemi E 0.000005

n = 4 : s !
"

es = O. 000056. . . (nope)

n
-

- 5 : oleo = O
.

00000344
. . .
(yup)

Thus 5 terms are needed
.

If the 1st term is positive, then If the 1st term is negative, then
• odd partial sums are overestimates : odd partial sums are underestimates
•

even partial sums are underestimates even partial sums are overestimates

Ex
.

I Is 54032 an underestimate or overestimate of II.'I'
'II ?

1st term is positive so 54032 is an underestimate



5. 8 tos lute vs Conditional Convergence

Def i - bsolute Convergence
as cs

A series naan is absolutely convergent if n= ,
an is convergent.

I ote: anzO Fn s
n
?
,
Ian =?

,
an

Ex
.
I Eat"I;

'

is absolutely convergent Ex
.
2 ?

,
HI
"

is not absolutely convergent

since I
.

"'II
'

f- I
,

'

n.
since I

,
HI
"

f- I
.

'
n

converges (p
- series p=3>D which is divergent (Harmonic Series)

Def : conditionally Convergent
A series is conditionally convergent if it is convergent but not absolutely convergent.

Than l : Absolute Convergence theorem (ACT
cs cs

tf
n=,
Ian converges , then naan is convergent

(but not to the same value unless an 20 Vn)

Proof
since Os ant Ian le tant t tant = 21 an I ⇒ ant Ian l E 21 an 1

For each n
,
we have ( ant Ian 1) E I

,

21 ant

Since I.
,
Ian l converges. so does 21 ant

.

So I
,

Can + Ian l) converges by Comparison .

Now I
,
an = I

,
(ant Ian I - lanl) = I

,
(ant IanD - I.

'

l ant

since both series on the right converges and I.an can be expressed as the difference of 2 convergent series
-

'

- it also converges '*

this allows us to use tests for positive series on any series by taking the absolute value .

Ex ! Is I.
,

cosWnt sin(n) convergent7 (t, t, - , - , t , t, t)
2 2

.

We check for convergence by considering II, I eoscnztnsinln
) /

o e coscnlztnzsinlnl = lcoscnftsincnllslcoscnllztnfsincnfbatrizazkiney.ua
'its

since EE
,
nt converges (p-series f-24) , I

,
I askedIsin" converges by comparison

By ACT, I.
,
coslnzthsinln) converges .

to determine absolute/conditional convergence or divergence .

I
. Divergence Test
2
.

Check for Absolute convergence using Tests for positive series
3
.

Check for conditional convergence using AST (if possible)



Ex
.
I I.

,

t-Nnn! I converge abscond or diverges
1. hisriff -- his n '

n
'T' = him. "Ii -- o

. : Div test is inconclusive
Z
. Consider I.

,

t-Nnn! ' = ?
,
I

Use LCT with I.
,
In

him. FI
'

= ties = ties n't = I Eco
,
as)

since I
,

'
n diverges (Harmonic Series), I

,

t-Nnn! ' diverges

. : I
,

t-Nnn! ' doesn't converge absolutely

3- We know FYI 20 In and tiffs "II = O by 1 .

Let Hod = FIT ⇒ f-
'

Gd = YE!?! , c O for x>O ⇒ {TY }?
,

is decreasing

so by AST, I
,

t-"
"

n
!
" '

converges

as f-IT n't I
•

°

. Finally E converges conditionally
n= I NZ

hm 12 : Rearrangement theorem
l
.
If I.an absolutely converges to SER , then rearranging the terms wit still converge to S .

2
.
If I.an conditionally converges to SEIR , then rearranging the terms will change the sum to aER or -• .

5.9 Ratio est

1hm 13 : Ratio est
Let I.an be a series and assume that titis iii' =L

,
ELO

,
o) or L-- co

.

I
.
If K

,
then I.an converges absolutely .

2
.

If > I or = as
,
then I.an diverges.

3
.

If =

,
then the Ratio test is inconclusive

.

Proof .
'

l
.

If OE c
,
I rEIR F Krs .

Since titis ana =L- r
,
INEIN 7 trial

,
ana: - r ⇒ I anti - r an

.

Thus Iantikrlanl
,
lantz - r I am,

s r
' Ian so I an-1k art' an H)

since Irl = r- I
,
I
,
IanIrn is a convergent geometric series.

By Comparison and using GM
,
In. Ian converges.

Why? I, an =/ anti t antz + an+3 + . . . < r tant t r' an + planIt . . . by (*I = ?, an rn.
thus I

,
an converges absolutely .

2
.

If > or teas , then INEIN F - ne
,

ana:
'

→ anti an

thus { an 5mi will eventually increase
,
so him an * 0

So the series diverges by Div test.
3
.

Consider I.in and I, 'm .

For both series
,
L-- I
,
but one diverges while the other converges.



Ex
.

I
•

5" Ex
.
2 - C- IT

"

nI
n= i n ! n-- I 5h

Using Ratio test, Using Ratio test,
ties I ,

. 3! = Lian? , = o- l
.

him. C-"
"

45¥12
" '

.mn?.izn=hismcsHl2gfntH=3hissntn ' = 2gal .
• .

O f-1)nt 'n2h
. . I.in! converges absolutely . . .

n= , sn converges absolutely .

Ex
.

3
-
ri Ex

.4
-

⇒
n= I n ! n= , n

s - I

Using Ratio test. Using Ratio test,
tie. 'Tn!!!

'

. In = tie. i= him. f. tissue e tie "III. ¥4 = him.41744 . "iii.it . I =

co
n
n

•:
min ! diverges . .: inconclusive → try LCT

5
.

300 es
-

-1hm 5 : Root test
Let I.an be a series and assume Limon an =L

,
LELO, o) or teas

.

I
.
If Lal

,
then I

,
an converges absolutely .

2
.

If L> I or f- as , then n= ,
an diverges.

3
.

If f- I
,
then the Root test is inconclusive

.

Ex.tn?flnCnn-" Y
Using Boot test,
Inigo finch;" Y E- him. tin;"

"I' him tisnoznzimi, -- o
÷ series converges

Note : If the Root test (tell
,
the Ratio test will fail

.

Relative size of common functions:

(Inn)PanP ca si ca n ! ← nn
,
Ix l l

ln'n ← n

"

!
⇐ In← n'p ⇐ an mp , Ix l l

1hm 14 : Polynomial vs Factorial Growth
For xER

,
tinson? =

.



Recap of Series est

Absolute Convergence or Divergence: conditional Convergence :
• Sums of Geometric and Telescoping Series • AST (alternating series)

> try to spot these series s look for C- IT or ft)
" '

> if it asks to find the sum , it's likely one of these
• Divergence lest (any series)

> try this 1st
,
unless there's a factorial

° Integral test (positive series)
> ast resort when all else fails
> don't forget: continuous

, positive, decreasing
• Comparison test (positive series)

. Iast resort when all else fails(positive series)
↳ series of the form

"
powers of n

' '

powers of n

>
"

almost
"

geometric series
> don't forget : L-- O or L-- O are more complicated

• Ratio Test (any series)

> factorials

}
"

almost
"

geometric series
↳ I gives no info

• Root test (any series)
> when all terms have a power of n


