Ch 6 Power Ser’nes



Def Power Series,

A power series, is o senes of the form
éoa..z."s QX t 03 *... (W)

§ aulema'= a, sl ¢ asleal... (4g)
where ai€R Vi.

The domain of o pover series is the cdlection of all xER for which the power seres corverges,
Nete. £,0n(x-0)" wil coverge 1o G0 at x=a (the center) so the domain is never emphy.

Nofe . For San-a)", we follow
l. FN-'\-O a,C?C‘O)‘.’Q, 0=
2.1 Go= ar=... 2G=0, then Sanlx-0) =2, an(c-a) (discard ferms with O)

Find the domain of .Z.%e"
Use Ratio test

lim

(l\*l)\ = 3—"

This holds ¥x€R so the domain is R.

Find the domain of S(=-3"
Use Root test. Test these. separmtely:

L
. al\ " . = "'|)" bath 4'1(:. seres
“l"""(l(x“3) |) =l [x-3] = -3 : ::%’ %f.. it 1= 1320 bofh dierge

We eed |x-3<| = ~l<x3<| = 2<c<d  The domain is (24).
The Root test fals when |x-3| =, when x=2,4.

The | Furdomertal Corvergerce Theorem for Power Series
For &00(x0), one of the following ~ust hold.
|. The series converges onky when x=a,, [0,0].
2. The ceries conerges Y=ER, (oo, °°7
2 JRER 3 the series corve absolu’rdg for |<-al<R, diverges for |<-al>R,
and may oorwe dwerg‘erﬁ |x-al=R.

= Jim, l"'=0>|

Assmea-O 50 our power sefies is 20" Thue contered of O. Sod'cnwergwfor:w().
Assume our power series con for some nonzero x=x.ER.

Weslow{'hi'lf' |x.|<|zo| then Zlanx?|

Sice 30n%8 converges, dooland|= Obg{'heDwiwl'

Thus |anxs|< | eventually.
Thus lansee = lanes

:° %l"‘“‘"""'ﬂ” (geo series Irl=|32l<1), zJanxﬂ converges by comparison. ®




Note' The domain is olways o singe inferval.
R is the rodius of convergence. The Inferval of Convergence is the inferval where it converges.

l.= R=0. [.= I=4a}
2. => R=00, 2. I=(-0q,00)=R
3= RE(0,0) 3= I'(G’R,onﬁ), I= [Q‘R, Q*R], I=(q-R, q«»R]‘ I’[G-B, Q*R)

To find the rodius, use the Ratio fest (Ex6 in 6.1 shovs Hhis con fail).

2'\(%"3)“ < n
PR gan!:r.
Use Ratio {'e's{-: Use Ratio ials{-
.| 9a% ~ . - | nt o=
o e, 0 | o 2l Ly o [ €0 | kg Gulad - 0 € 0
We need 2lx-3l<|= |x-3|<Z So R=%, Diverges uless =0, So R=0, I=§0}.
The series corverges for <€(3-4,3+3)=(%.3)

Check ints |
ety Y,

9
5

i(-l)""x”"

S T

Use Ratio test:

fim (’l)""x“z . B“L\(n) |. lim le "\(ﬂ) ‘lel
RS Inlr) (7 3

" 3 Inlnel)
We need 5lxl<l = [x]<3, So R=3 and open inferval is €3,3).
Check endpoints .
e ion':“(-s)"“ N
CETRR T
Note. T2 v for nz2. '
Since + diverges (Harmonic Series), b4 diverges by comparison.
N ) L
n= 3" lﬂ(’\‘ _‘_ll'\(ﬂ‘ ﬂf"
Sice 1”0, W< 76, IRER"0, so Siy Converges by AST.
< I‘(at-al

x=3



Apowerseriw;%&'o)“ is o funchon whose domain is its. inferval of convergence.

We know one such fundion. Geometric series
l-_x=§.,’°" for Jxl<| (R=1, I=(-,1)
We dont need fo check endprints for geomelric series.

Thm Y. Abel's Theorem
I f)=Zanlx-)" hos inferal of convergence I, then f is confinuous on T,

Thm.

We. con bud pover series for new funclions using given power series.
)= éon(x-ob with rodius Re and irferval of covergerce . (cenlm:l d')
9(*) éon(x-ob with rodius Ry and inferval of conergerce I the same o

| f&x q6)= g(«atb»)(:-'«)
If Re# Rg, then R=miniRe, Rg.i od I= LﬂI
If Re=Rs, then Rz Re=Rs.

2 (=)= anlx-0)™
B=Re and I-1Ie.

3 If R, c*0, 0=0, (f=Fanx"), then Flext)=Fancx™
If Re< 0, 9\&\' |<Rs$|x|<‘§|¥ So R=%(E
If Re=00, then R
The inferval is L= {xerRI Ny

=55 contered ot =0, F(x)‘ﬁ%swl\kreda{'x=0. ,
o > 3 | 3 x\"_ &[N ~*
51’3 B é ﬁ)- 3..0( ) z‘5”" xxTz_%(l*i) x(| (-&)) %;o(-i) -Aéo(%)
for |E1<| = |xl<5. So R=5, I=(-5,5). for 5|<] =¥ |x1<2, So R=2, T=(-2,2).
fCT)’-zlxz wnkreda{-x- =% coterd of <=7,
— =1 2__2 _z2[ | 2 & (-G-1) A7)
e e S R (S R
for 21412 el<{2. o R={Z, I.(Ja,r). for [S21<1 > b1l <7, S0 <1 T=(0,1)

6.3 & 64 Differertion ond lnbgm{-ion of Rwer Series
For o power series Z0a(x-a), we can differentiate or in+eﬂm+= term-by-ferm.

The'
IF £:)= Zan(x-aF" with rodive of cnvergence R>0, The rodius doesrtt change, but the inferval may Jwge
then &) ls differentioble and w|'e3mHe on (a-R a+R) We need to check the eadpwr\s if wedu%-enha’fe/ urtlv.gnxle

l )= znan(ac—«) !
have radiug
fF(x)" (an(x-o«\ )+ C Convergence R

ntl

l



Find & power series for Inl 14| about x=0,
We know ,+:§x" for l<l<l, se R=l.

We geb = = =S ar=F (il (R=1).

e (-
Infegrafe 1.,||m| S, ReL

Find C by subbing in x=0.
(sine we want a series for Inlc+ll explicitly)

In]1+0] = i‘" L4C® €0

So ‘nll*:d’ (l);r.

ntl 2

R=1 and open inferval is €1, 1)

(-n)"a)"“ = c-n"
So ntl = wn&l converges bﬂAST

¢ )"( n"" ;

o Nt

=1

x=-|’
s 1= (.1, 1]

Find a power series for f(x)= arc*m(:c\ obout =0,
we will Fifg‘ fid o series {'-Dl‘ T+,
R=1)

= a3 e B el

- (‘3) = |xl<|
So archn@= [idx = 3 (C0E) .
Sub in x=0 Yo get C. orcan(0)= 0+C = C=0,
S0 orctanGd= 3 CLZ Re and gpan infersal is G .
Check endpoints. ‘
i“-"z-f\’?? S LT converges

:-| .(ﬁ_(ﬁ zf_‘)_
S 2+l So2n+l

S I=[,1]

diverges (Harmonic Series)

l«.x.

by AST.

corverges. by AST.

We can use differentution to find another series - &=
X" 3
DAY

Proof .
We krow R=00 for #at series. Leb o= E57.

Then g3 = z nx” i(“,”,,:

<55 g, S0 godeghd

Fird @ power series for #69= s about =0,
We know .-%’2&" for kdl<l, so R=1.

. < - ‘ a=l '
DuFFexenhq{'e (l_—x),‘&zmc (R—- l)

Di 2 ¢
'W T & 2 nln-1)

So 7 x))-J-Zn(n*l) ", R=1 ard open interl is L1,

Check endpoints .

x=|: %;nfﬂ‘n

x=-|: J—Zn( A
= I=610).

=" (R=1)

both di
Dlv‘mﬁe“:ge

Ewlde {Z59< as o power series about x=0,
Firet, fird o series for 33

s\n = & ‘l
i) -1 5@ L B s )
Mmle — x"‘ °° !

j - e j T 2'*'(504))
(Wﬂ{“:v\d C since we are W&l "ﬁ an indefinke. in l)
R=2* and q>ev\vdtm| is (-23,2%). fey

Q\ed( e\dpmvlf \
(€3) ;
ks Z(z“‘(sm)) 2,75. oy dverges by LCT (&)
= - & (2‘) ! 2] 2* |
x=-2%, i(zm(w)) i( i e comvenes bﬂ o7

s I: [-Zéz 2-*)

ke tis O and e geh god)= Ce%, bu by defnton 4©=1, 50 C1.

Sghymes W



65 & 66 Review of Tag[or Polgnomials

Def . Taylor Plyromials
[f £ is n-times differentiable, then the n-th degree. Taglor Plyromial for centered of x=a is
a g , . 2 YRR
T, )= 55 e o + £ Ellecaly | el

Def . Taylor Remainders
If £ is n-tmes differentiable, then the n-th degree Taylor Remainder for centered ot x=a is
Rn,qcx) = FC:) - T.\,q(:)

The error in using Tnal®) i‘bapproxm{ef&) is
EI‘I'O\": |Rﬂiﬂ(’3|

Th- Tag(oﬁsﬂw
Assume f is n+| times differentioble on an inferval T oon’mwvg x=a.
Let x€T. Then 3 o point c between x and a 3

(n40), w
) Taa@) = Ruale) = £ Ge-a™

Corolory T el

a+)
|Ruat ¢ Tl ere [#9]4M V ¢ bohueen = ond

6.1 & 6.3 -Exglor Series ond Cov\vergerce

Suppose. F(<)=Fan(x-o" = a0t ale-a) +aalx-alt... for x-al<R for R=0.
At x=a.

f (ab =ao

£ = a,* 202(x0) * 3a3(x-a)"t ... = fla)= a, .

p‘("‘)’ 2@:.(30‘0)*603(%‘0)* |2a~(x-a)z* L= F‘(a]' 20:. = az’f_z@'

In oeneral Q»\:un;l)
Then:
If &) has o power series about x=a.
Say =S an(x-a)" for lx-al<R, R>0, then
Qv\"m
n:

That is, F&7=Z%(x~ﬂ" is the Taylor Series for £ certered at x=qa.
€ 0=0, Hhen F@-Zf%’”x“ is the Moclourin Series for £.

Strength. The theorem says if find a series for a function, Weakness. The theorem assumes f hos a

* Manipulating fmown series. power series and concludes it must be the
- Di iafing/ Infegrating known series. Taylor Sertes. It doesrt say every funchion
* Using the Tayor Seres formula. is equal fo its Toylor Series.

you will' get the Taylor Series for .



Fird the Mockurin series for m={'§ 3
e f x>
Since F*'0)=1 ¥n20, so the Maclauren Seriec is 237 which converges VR
Howewer =55 VxER. Bat fB)-e #er=52;
So F)2 S = VxER.

Weneaa‘ibdelemineifaﬁud'ionise@q[foi}suTaﬂlorsen’eso'\H\em{'erValonu .
Notice that the parkial swns of a Taybr Series, £5TE G-a", are the Toylor Pokyromials, £ 5 Ge-o)" = T o).
We. wart fo determine. for which x£R
) = i, Taal).
W’Gl since we 'VW H’Q’Rn@*&a&), we veri%
.!‘&Rm&): O
for each x where Rm&)"o,

Corollary: Taglor's Inequali
3 If‘*“‘allsg? V lx-al=d,

|Ruatells el e foaied.

Thm. Convergerce. Theorem for Taylor Seres
Assume f has derivatives of all orders on an infenal T contuining x=a.
Assume IMER O [FG)=M VKEN and xE€I (bounded on He inferval), Then,

F&) = 2% c.:r."O«)“ Vxel

|F x=aq, H\en gi"l:@ (x—a)q= F(a)
Assume that xEL and x0?a . Since IF(k‘(ﬂl‘:'M YKEN Y=EL.
Toglocs bty gives 0 [RuaCed) < Hizasel™.

- n+| _ ntl . n
sine. I P plg bzl 20 (uang 82282 0),

We hove [a|Roal)|=0 by Sqyeeze Th. ®

COfollQﬂi:n PM B O Tl“a\ﬁ)ff&')- X IFM&)IQ . B [..
e 8X o G >0. << e=e® on [-B,B].
S ’ B«J Convergence Thm, =5 V=€[-8,8].
Since B was arbifrary, <o =53 Vx£R. ®

Corolary Procf

Both sinx. and cosx are equal  Both sinxx and s are infinitely differerfiable on R

fo Heir Modoucin Series VxER.  and Heir tsinx, 2coex sahsfy [tsinxl, [teosx|s | Vx€R,
By Comergence The, theyire equd to their Maclaurin Series .



Find the Modaurin Series for £GI= sinG2).
6= sinx = F0)=0, n=0
)= cosx = FO=1, =1
£ = ~sinx = f‘(o) 0 n=2
1% -cosa@tfm--l n=3
f (’t)‘ sinxe = f (O)' , n=4

oo (_ nnﬁml

Lot a s =
Sinx = lx 3.:a:. ML ."x. +,.. -Zo Zol
= S LU= R
SN e Zaa)l :

Find Ta\jlor Series for €= about x=-3
(need power series of (;r,-(-?b)- =+

=TI g3t 2 (x+3) _ (x*‘s)
& .;, n! e’n‘

Frd Maclurin Series for £ = xScost

Find H\e Modounin Senes for F(x)-

s = —(sm:t:)' d*Zo

(l

(.OS)C'

VxER (R=00)

Leos= by {atna § L0 i eR (Reoo)

Find To\gbr Series for )= sinx about x=%

sinxt = sin[(x-za) + 7"] = sin(x- %)cas(z‘) + 0s(x-E) sin (%)

Z g-l)"(x-" C !

nz0 (20"')'

Uk JANCE S
o (2n)

:%Z.(—DJ"!_;%I‘ V=ER (gsoo)

e ™ 2
(Zml)' o (2n+))
n mhnl» hm

series of amsc (keep n=0)

e
o (20




6.9 Binomial Series

We. know the Binomial Theorem for (1+x)* where kEN!

(1+x)"= 'go('g)x" where (r'f)g n‘.(‘:(!'")!

We can extend kER and find ihe Maclourin Series.
£\ = (14 )* => F(0)=

£'&) = k(142" = £(0)= k

€6 = k(k-1)(1+20%% = £10)= k(k-)

£9G= k(k-1)...(k-r-M(1+ ) = £90) = k(k-1). .. (k-nt])

We get ; k(k-l)...ﬁ(-ml) %" for the Maclourin Series.,

The. Rodins of Con For k#0,1,2..." The Intecval of
Itmlk(k-l) Leontl)(k-n) ™ ! lin |Kon |z ° IF k=0, KEN, then I=[-I, 1.
(ax 0! KA iz | T e - If -1<k<0, Hen 1= (1,11

We need Ixl<|, so R=| and He open interval is 1, 1).

Notation ( ) n! phat (5)=1.

Firsh, we daim (A1) +(K)n= (MK for nzl.
() v ()= KD ((k;T;ll)(w o K (o))

nl

_ kG, n'(k ntl) . (k rel) |

= (k)(k-n\ +(
= (8)(k-n+n)
=(Mk

Let fG=Z(K)". Next we cloim f+xefle)= ki) VoL,
Pl exfld = Z (K)o 2o
=(5)+ S(E)re B (He
(k) z(M. (n&l):,*i(k) o e
=(+ 2 () (Ml)*(,'f)n):n
=() i(kk « by provaus

os|

=k {g(: kx”

-K(1+3 )
=k _g,(:)x"
= kfd

*IF k=-1, then I=(-1,1)
*IF k=0,1,2,..., then I=RR.

k(k-1)....(k-n21 ‘”mmﬁ" are colled He Binomial Coefficients.

LB{' 36‘\' (4 . lelg: show 3‘6'-)’0 for xe(’la')
.(x)- { (z\((*:c()" :)G& k(1)
1+
PG (i
(l“ x):k
- PN - Yt
(l+0*

=0

S0 q@=0 Y£CL 1), wkudnmeanss is corshant on (L 1).
Sunw fO=1, we get q0OI==1, 50 qG)=| for =€CLN.
This implies fx)=(I+x)* for a:é(’l,l)

Thn. Generulized Binomial Theorem
Let k€R, tHhen Vx£E,D

(1+x0)= Z(k)x hhere( ) KO, (konl) n(k-'"l) (o)



Find the Maclaurin Se,riesforarcsuw

First, find +he Maclawsin Series for T (l*:x-)‘

(m.)“ QXMLL ,gmigq&x for <ECLI).

Next, find the Maclawin Series for Tos=(1-27%

0-= =(u(-¢))"‘-23xw4—. fhonl on 8 OO Gno) an [-a2]<] = lcl<]
=0 n

60 for 2ECLI).
Frol‘g, in*aam{%
2 MEXS)...2n-1) 2 for xECLD

arcsin(=) = 27 () (2n+D) (c=0 since aresin(0)=0).

6.10 Agplications, of Taylor Series

Recap of Known Series The applications we will examine are -
. .® |. Finding Sums,

I-¢ A = (R=I) 2. Evaluating Limits,
. e*= Z’%:‘ (R=o9) 3. Evoluating & Approximating Integrals.
« sinsc = ,zo(-?z:”l‘;! (R=c0)
~no\ 2
Bncdad = % (RzDQ)

. ([43:)‘( = g(:(‘)x°=2mﬂ:.!(mix" (Rg l)

Fmdmg'Sums
Given a secies, we beoblehmmpula*ed-w‘ooneo{‘l-keMsenesardﬁndl-hemmﬂn{'wog
Alternatively, we could manipate o known ceries into the gven series,

Fird the ﬁ)"owir\s SUNs,

St L) s
Integrate. (SGode= z “eC=x) Z4Cax4C  Differentide’ S-S =3 el g
So S(;Q:a(:ce"-\»C) = €54 xe™ So S)= j |.,xzd°‘~‘ arclan(x)+ C
But S(0)=4, so C=H. Thue SG&)= arctan)+4.
i% :o%)zl)_- 0s(%)=0. {ur"lc\s with - z:c find zb—

g(g-ll ]g-m {§~| I...fe-n*l) L\N 18 (4 l-x = ;:c" = &( l'&) = (l-x\“ ;mn.'
; g nl @E=(+=(E) . &
NS0 M 3_13 zmn
(l‘x) nzo
=< o '\x’\
= =y~ uztb




Evolughng Limits
We con use Taylor Series to evalute limits, instead of using I'Hopital's Rule. This idea is similac o how
we used Toylor Plynomials and Taglor’s Approximation The | to evalufe limits.

Ewluate with series and not 'Hopital's Rule:

lim €2-1 x*  x? lim | =cosx = !
w0 €=t e = —0om - wex=|-FFrgr-.L.
2 X x
_ lim (l‘bf.‘_y 350 *...!‘l lim |- (l"’ 2t
= %90 x = x0 2
£
x x> o=
= lim 2etZr4 37+ N S T
%30 x *0 x*
= i x X = = lim L _ 1
=< [+ F+gre = =@t T
2 2
limg 8= ——]  er=lvxt 4L
x N e XX
Sins.=>C SinoL= X -+ i, ..

L
- E

Evaluating Integrals as Series
Evalugte S&€¥dx as o series.

feie - [R5 0

How many Yeems would we reed o use fo approsimate. Je<dx fo an accuroey to !
_xc? D -n"
i[e doe = & nlGnH) |4~ GnlGnt)
This converges "&1 AST. Lets use AST eshimotion.
Write out some tenms .
I O I SR N EE S Bt
& " 24s) M @ s e TS 8 a1/ 10t @)

So, the estimate needs, at leost [0 terms,




Recap of Power Series

for 50|vir:3 Questions
* Given a series, 1o find Rodius and Inferval of Convergence -
® Ratio fest for R and open intenal.
° Check endpoints with other fests.
- Given o senes, o fid its sum
° Relate # to o known senes (e"',sinx,cesx,u-%c,(l*x)k).
° Moy need to integrute/ differentiate
‘Givenaﬁmchon *Dge{'&s-laglor/mdamn&ncs weccm
* Use the Togor Series formula 2570 (x-a. Find R and L.
° Manipulate/ Infegrate/ Differentiate o known series. R s know, bt check endpoints T find T.
° |f ashed for a Toylor Series about x=a, +r5 £6) = fz-a+a), mw.PAak wrul\eea lmown series.



